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Robustness	  
	  

•  Robustness	  
•  SB	  Robustness	  on	  spheres	  	  
•  Robustness	  on	  Real	  projecAve	  space	  
•  M-‐esAmaAon	  of	  axial	  locaAon	  



Robust	  StaAsAcs	  

•  The	  quesAon:	  are	  staAsAcal	  methods,	  which	  
are	  good	  under	  the	  model,	  reasonably	  good	  
even	  if	  the	  data	  is	  contaminated?	  	  

•  Does	  contaminated	  data	  have	  a	  big	  effect	  on	  
the	  studied	  esAmator?	  

•  What	  effect?	  	  

	  



What	  effect?	  	  

•  The	  bias	  of	  a	  staAsAc	  	  	  
•  Variance	  of	  a	  staAsAc	  (efficiency)	  

•  One	  can	  control	  the	  variance	  by	  increasing	  
sample	  size	  but	  cannot	  control	  bias	  

	  



Bias	  Control	  



measure	  of	  robustness	  

•  The gross error sensitivity can be regarded as 
an approximate upper bound for the asymptotic 
bias of an estimator T 

 
•  The GES measures the largest influence that a 

small amount of contamination can have (to the 
bias) 

 
•  If the gross error sensitivity of a functional is 

finite, then, the “corresponding” estimator is 
called B-robust (for Bias)  



	  
Spherical	  mean	  

	  



The	  GES	  measures	  at	  FVML	  	  
	  	  



SGES	  



SB	  Robustness	  



SGES	  



Scale	  



Fisher	  InformaAon	  metric	  

Let v and w be tangent vectors to Sk!1  at some point ! " Sk!1

such that v = "1
#(0) and w = "2

#(0) for some curves "1, and "2  are curves 
on Sk!1  such that ! = "1(0) = "2 (0).
Let f( #! x) be the density of X. Define 

<v,w>! =
$2

$s$t (t,s)=(0,0)

E[log( f ("1(s)
t X)log( f ("2 (t)t X))]

Then <v,w>! = cfv
tw =(E[# f ( #! X)(1! ( #! X)2 )] / (k !1)vtw

i.e., c f = (E[# f ( #! X)(1! ( #! X)2 )] / (k !1).



Fisher	  InformaAon	  metric	  

Since IF (x,T,F) is tangent vector to Sk!1  at T(F)" Sk!1

      SGES = supF supx < IF (x,T,F), IF (x,T,F)>T (F )



Fisher	  InformaAon	  metric	  

For rotationally symmetric case, 
SGES(T, F) = supF supx c f IF(x,T,F) .

The definitions of SGES are equivalent for (S(F) = cf
!1/2 ).



SB	  robust	  M-‐esAmator	  on	  spheres	  



Influence	  funcAon	  of	  M-‐esAmator	  





a)  Spherical	  Mean	  

b)  Op0mal	  M-‐
es0mator	  with	  
90%	  efficiency	  

c)  Spherical	  Median	  

d)  Normalize	  spa0al	  
median	  	  



	  
SB-‐robustness	  of	  M	  es0mators	  

	  



AsymptoAc	  DistribuAon	  



AsymptoAc	  DistribuAon	  



Axial	  Data	  	  



Axial	  Data	  	  



Tangent	  Spaces	  















•  Thus	  in	  ProposiAons	  1	  and	  2	  of	  Chang	  and	  Rivest	  
(2001),	  there	  is	  only	  one	  irreducible	  subspace	  and	  
it	  only	  remains	  to	  idenAfy	  the	  constants	  c	  =	  c1	  
and	  d	  =	  d1	  of	  Chang-‐Rivest	  equaAon	  (16).	  	  



Axial	  Data	  	  



M-‐esAmator	  



SB	  robust	  M-‐esAmator	  



Influence	  funcAon	  of	  M-‐esAmator	  



Robustness	  of	  M-‐esAmator	  



SB	  Robustness	  of	  M-‐esAmators	  



AsymptoAc	  DistribuAon	  of	  M	  
esAmators	  (Brown	  85)	  

X : sample space
! : parameter space = Rq

f (x,! ) : family of densities
"(x,! ) :objective function
" = (X1,...,Xn ) sample from f (x,!0 )

!̂ = argmin! "(Xi,! )
i
#

S(",! ) = $"(Xi,! ) /$!
i
# = 0 : estimating equation

#!0 (! ) = E!S(",!0 )

#!0
%(!0 ) =

$
$!
| !=!0#!0 (! )



AsymptoAc	  DistribuAon	  of	  M	  
esAmators	  (Brown	  85)	  

Under regularity conditions,

n1/2 (!̂ !!0 )
d" #" N(0, B!1A(B!1)t )

where A = limn Cov!0 (S(X,!0 )) / n and

B = limn"!0
$(!0 ) / n



AsymptoAc	  DistribuAon	  of	  M	  
esAmators	  on	  Manifolds	  	  

Chang and Tsai ('99) Reformulate A and B in a coordinate-free 
manner for a differentiable manifold !.
! = (!1,...,!q ) :R1 " Rq a curve

f :Rq " R1

( f !! #) (0) = $f
$xii

% (! (0)) &! i#(0)

depends only upon a base point ! (0) and a tangent vector #! (0).



AsymptoAc	  DistribuAon	  of	  M	  
esAmators	  on	  Manifolds	  	  

tangent vector to ! at !0 "! is an equivalence class of curves
satisfying " (0) =!0,  where two curves "1 and "1 are equivalent (defines
the same tangent vector at ! ) if (f !"1 #) (0) = ( f !"2 #) (0) for any 
f :!$ R1.
T!0
! = {tangent vectors at !0} is a vector space



ReformulaAon	  of	  A	  and	  B	  

Chang and Tsai ('99) reformulated A as a family of inner products,
one inner product on each T!! as follows.

<"1
"(0), "2

"(0)>A=Cov! [( d
dt t=0

#(X,"1(t)))(
d
ds s=0

#(X,"2 (s)))]

where "1 and "2 are curves with "1(0) = "2 (0) =!.

 A is a Riemannian metric on !.



ReformulaAon	  of	  A	  and	  B	  

B is reformulated as a family of bilinear form,
one on each T!! by

<"1
"(0), "2

"(0)>B= E! [( d
dt t=0

#(X,"2 (t))( d
ds s=0

log( f (X,"2 (s)))].

under some conditions, 

<"1
"(0), "2

"(0)>B= #E! [( $
2

$t$s s=0
t=0

#(X," (s, t)))]

where " :R2 %! satisfies " (0, 0) =! , "1(s) = " (s, 0),
and "2 (t) = " (0, t).



	   

 

Chang	  and	  Rivest	  Theorem	  (2001)	  







calculate	  c	  and	  d	  









EsAmaAng	  constants	  c	  and	  d	  








